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SUMMAM 

Qualitative considerations concerning the effect of negative 

pressure gradient OB the stability of the supersonic i-^inar boundary layer 

are supplemented in this pcper by calculations of the approximate minimum 

critical Reynolds number, or stability limit, for the boundary layer on 

several insulated, supersonic, sjismetrical circular~are airfoils at 2«5sch 

numbers of 1.5* 2.0. and 3-0. Telocity and temperature distributions 

across the boundary layer are obtained by the Borcdnitayn-Fohlhausen method 

based on the von Earman momentum integral equation. 

At low supersonic Mach numbers the laminar boundary layer over an 

insulated surface is completely stabilised vhen the modified Pohlhausen 

parameter A ^ ~f %—  ur MJ is larger than a certain critical value 

that depends only on the Kach number and the properties of the ga-3. For 

example;, at H = 1.5, V ^ 6,5 • at M =-1.75* A „ 3£   7, and at M. -r^oO 

\ S // • For &, = 2.0, the destabilizing effect of aerodynamic heating 

is dominant and the increase of the minimum critical Reynolds number, 

Be, with A is small until A~*?i(   . For M-, == 3.0, the influence 

of negative pressure gradient is negligible, at least for an insulated sur- 

face. 

Comparisons between the calculated distribution of the stability 

limits over the airfoil at Si, == 1.5 and the growth of the Reynolds number 

based on the boundary layer thickness for various flight Reynolds numbers 

(Re> ) shov that, 

a) Ear the sis par cent thick airfoil at «< =» 0 a region of un- 

stable laminar boundary layer flew exists over e. considerable portion of the 



forward half of the airfoil for Be„ > 7-5 z ICr. However, the boundary 

layer ia ccapletely stabilised at about the 70 pes.* cent chord station. 

b) For the tea per cent thick airfoil at o<= o the -unstable 

region, is sa&ll until Be 3 ^ 10 and the boundary layer 5,s ccarpletely 

stabilized at about aid-chord. 

c) Wor the six: per cent thick airfoil at &'~ k° the unstable 

region is already large on -ehe upper surface at Be = 7*5 s: 10 , but ie 

o 
insignificant on the lower surface until Re > 3 s 10 

d) At Eoynolds msabera somewhat below the respective values 

given isa)> b), c), the lasdiisr boundary layer ia ecssDlateiy alible« 

At H, ~ 2.0 the iarainar boundary layer is unstable fox» Ke =TÖ2 10^ 

over the entire surface of both the six and ten per cent thick airfoi.l.s at 

o 
C<=» 0  o 

Conclusions drawn from lasainsr stability calculations based on 

the linear perturbation theory most be applied with great care to predic- 

tions of transition« However, it seems safe to state that at low super- 

sonic Mach numbers transition on an insulated, symmetrical circular-arc 

airfoil is px*obably delayed as cozapared with transition on an insulated 

flat plate, for 7»5 z 10^ ^ Re 5&5.0 s. 10 » At angle of attack one would 

expect a stronger stabilizing effect on the lower surface than on the upper 

surface. The stabilizing effect of negative pressure gradient on these air- 

foils is expected to increase tfith thrc-io?esf ratio, and this effect wxy have 

important consequence* fcr uv.;.. . .. .   •. • :.*-• <i-sg aaö ti • ,. :.   . ." 

selecting supersonic airfoil& -otfo opU^'tro aem.-lyxiafflic cbara:treibti';a . 
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The subscript "1" denotes physics! quantities in the undisturbed 

stream ahead of the body; the subscript " fi" " denotes qusntitiss at the 

"edge" or the boundary layer; the subscript "v" denotBs quantities at the 

surfacej the subscript "o" denotes local adiabatic stagnation values of 

the physical quantities, 

7L distance along the surface (measured from mid-chord 
on airfoil) 

y co-ordinate normal to surface 

u component of gas veioeit;/ parallel to surface 

p pressure 

P density 

T absolute temperature 

>L ordinary coefficient of viscosity 

m exponent in approximate relation u. -~ T01 

^ ratio of specific heats of gas, c-/c 

a local speed of sound 

M Kach number u/a 

5* boundary layer thickness 

£> bounäary layer dis73lacement thicsness.,     /   /V--.^j£ }dus- 
JQ -    #• 'V * 

L      characteristic length (e.g., radius of curvature of 
circular-arc airfoil) 

77      maximum gas velocity in adiabatic, steady flow, \/ 2 c T VHW ' '   P O 

t/c     airfoil thickness ratio 

V 

Bf  t    transformed coordinates parallel and normal to surface 
in Dorodnitzyn method 



Re 

Value of t corresponding to "edge" of boundary laywr, 

where y = S~ 

tr t/- 

ur velocity ratio u/u~ 

> v      r -7-— 
/--er11 <U> 

Be Reynolds number, 

, modified Pohlhousen parameter 

(Lik 

, Re^       Reynolds numbers,      ff1^ 
° " respectively •        /•<•£ 

ana     Pa-^o s 

A 
Rer Minimus critical Seynolds number, or stability limit, 

£X. for iaai^iar flow 

airfoil chord 

Be Reynolds number 

A' 
radius of curvature of circular-arc airfoil 

</, 
iÜY+#r] 



STÄBILITZ  OF TEE  SÜPER3ÖHIC BOÜTJDAHY LAISR WITH A PRESSURE GRADIEBT 

1. Introduction 

Both, theoretically and experimentally the strong effects of a 

pressure gradient in the flow direction on the stability of the laminar 

boundary layer, the rate of avsplifieation of unstable disturbances, and 

transition to turbulent flow are well-known, at low speeds. Extension of 

stability considerations based on the email perturbation theory to a com- 

pressible fluid (references 1 and 2) opens the way for an analysis of the 

effect of pressure gradient on laminar boundary layer stability at high 

spesds. First, however, it was necessary to show that at high Reynolds 

numbers only the local velocity and temperature distributions across th© 

boundary layer determine the stability of the local flow. A proof of this 

fact, which amounts to an extension of Pretsch's result (reference 3) to a 

compressible fluid, together with a careful examination of the approxima- 

tions involved, has been furnished by Mr. Sin-I Cheng*. 

On the assumption that only local flow properties determine local 

stability, the probable effects of pressure gradient on laminar stability 

were briefly discussed at the end of reference 2. From physical considera- 

tions and a study of the equations of motion it appears (for easample) that 

the stabilizing influence of a negative pressure gradient must compete with 

the destabilizing influence of aerodynamic heating, or viscous dissipation, 

at least for zero heat transfer at the surface. At high supersonic Mach 

numbers the moderate pressure gradients generally encountered on airfoils 

* Paper to appear shortly« 



with continuous slope can be expected to exert only a negligible influence 

on Iswinar boundary layer stability- On the other hand» at low supersonic 

Mach numbers, where the aerodynamic heating effect is still moderate, the 

laminar boundary layer is theoretically complete3.y stabilized if the nega- 

tive pressure gradient exceeds a certain critical value that depends on the 

Mach number, the surface heat transfer rate, and the properties of the gas. 

Thus, at low supersonic Mach numbers, the stability of the laminar boundary 

layer over an airfoil is expected to depend critically on the shape, thick- 

ness, and angle of attack of the airfoil, while at high supersonic Mach num- 

bers the surface heat transfer rate is the important factor» 

The purpose of the present report is to supplement purely qualita- 

tive considerations with a quantitative estimate of the stabilizing influence 

of a favorable (negative) pressure gradient on the laminar boundary layer over 

representative supersonic airfoils. The methods developed are applicable to 

the laminar boundary layer over any surface (e.g., nozzles, diffusers, etc.), 

so long as the approximations of the boundary layer theory remain valid. In 

order to separate the effects of surface heat transfer rate and px*essure gra- 

dient for the present, only the case of zero heat transfer is considered. 

Because of the extreme sensitivity of the stability of the laminar 

boundary layer flow to the distribution of the gradient of the product of 

J f  J- \ 
density and vorticity jL-lP^r*)  across the layer, it would be desirable to 

obtain exact solutions or the boundary layer equations of motion for the 

flow with pressure gradient along the surface. While no exact solutions have 

been obtained up to the present, Stewartson shows in a recent paper (refer- 

ence k)  that, at least for Prandtl number unity and a linear viscosity- 

temperature relation, any compressible fluid boundary layer flow over an 



insulated surface with a prescribed prassure distribution can Is© reduced 

to an equivalent low-speed boundary layer flow with ? t-"pvHv?er2*ed prep" 

sure distribution. This equivalent low-speed flow can then be treated by 

Howarth's series~espaasion method (reference 5); or by other means. 

Even -aith the great simplification introduced by Stewartson, 

the amount of work involved in the calculation ie» considerable. As a 

first attempt, therefore, it was decided to employ the less accurate aeth- 

od of Dorodnitzyn (reference 6), i*Mch amounts to an extension to a com- 

pressible fluid of the Pohlhausen technique based on the von Kanaan momen- 

tum equation (reference 7)» Laminar stability calculations based oaaeaa 

velocity and temperature distributions obtained by Borodnitzyn's method 

can furnish only the order of magnitude of the pressure gradient effect. 

However, these calculations should ir-dicate the range of Mach numbers 

where the pressure gradient plays a critical role in determining laminar 

boundary layer stability. More accurate flow solutions hased on the 

Stewartson-Eowarth method can be obtained later in these critical cases» 

The approximate laminar stability calculations in the present report might 

also serve as a guide to experimental research on the effect of pressure 

gradients on transition on supersonic airfoils,  and may have interesting 

implications for strperscnie airfoil drag and airfoil design*. 

* After the calculations of the present report had been completed, it was 
learned that 2» Vieil of General Electric, in a restricted report, had car- 
ried out similar calculations utilizing Dorodnitzyn's method, with a sixth 
degree polynomial for- the velocity distribution. Because of a numerical 
error involving a factor of 7f in an important stability function, the G. E» 
report came to entirely different (and erroneous) conclusions cöSöörning 
the effect of pressure gradient on laminar stability at low supersonic Mach 
numbers. This error was pointed out to Dr. Weil, and it is understood that 
a corrected and condensed version of his report is to appear shortly IEI the 
Journal of the Aeronautical Sciences. 



2. Moaa velocity and Teager&turjs 5=SSSJ^H£-=SS£ Across the lamirtar Boundary 

vith a Pressure Gradient 

The development of the boundary layer, and the sssan velocity and 

temperature distributions across the layer,, are to be calculated by the 

Pohlhausen method as jnodif led by Scrodnitsyn for coarprossible flov over an 

insulated plane surface frith Prandtl nuaber equal to 1.0 (reference 6)= 

The starting point of the Pohlhausen method is the von Karman integral equa- 

tion for the momentum bala&ce in tho boundary layer (reference 7): 

a 3 /$tf.<Pfr <k>,      —      $ (V1 if £>u< 

w 

Dorodnitsyn noticed that this equation is reduced to a form stellar to that 

for isothermal lou-speed flon if the coordinates parallel and normal to the 

surface are modified as follows: 

(2a) cU = I 

(2b) L p 
With the introduction of these new variables, equation (1) becomes: 

(3) •£» > J ] <jU 
o J 

I 

Mi 



where > 

!Ehe temperature Telocity relation, (3a) -—•  = /-A "£zJffpf/-~ w^ 

given "by Crocco (reference 8) for Prandti number one and zero heat transfer 

at the surface is employed throughout« 

From the boundary condition for 
.» 

that 

at the surface, one finds 

(Z-r^- j ~ —- 5" J (y<0 . If {following Pohlhaueen) the quantity 

0 J[s&) is notr selected as the pressure gradient parameter X(^J j then 

the velocity distribution can be approximated as a polynomial in If across 

the boundary layer- with coefficients dependent only on X , exactly as in 

the case of incompressible flow. With the fourth degree polynomial of the 

form: 

w (AT~ t   -h   E V2"  -h Ct*  +   &^ 4 

the boundary conditions W(P)   = o 

"ied if     A = J JL.      A 
•"   *             V^*'    *           —fir-                   , 

6   J ü -   "   7A 

0 -   /- A 
6 

By substituting the polynomial approximation for the velocity pro- 

file (equation 4) into equation (3), a first-order differential equation for 

X (s) is obtained. Actually, the non-dimensional variable "s" disappears 



and the differential equation for X (x)  can be written -is followss 

<5) |A =   s(x) AffrJ   + s (x) A( (x)   , 

liiere 

and 

{<=. 5a) 

(5b) 

(5c) 

(5d) 

a/3./ä —   /.f£ X   — o.^o X 

2.rt.tA  -   S.7C\ \ 

1f.Z>-7.b — ;3S6, .?4 A -+37.gwA+aM5 

.2/3,AS - .57 £ A - A"' 

// 

^W=   4 - ^±±Aä! fi 

N. (*) =. - JL. fa'        j      ^    H. 

(The primes denote differentiation with, respect to s.) 

löten the pressure distribution p, (x) along the surface is pre- 

scribed and the value of .A at one point is known, then equation (5) nan 

be integrated by ouitable numerical nethoös. For es^Tsple, for a supersonic 

* CEaese functions are identical with Pohlhausen's. 

** A typographical error in the expression for «, (x) in Princeton Aero. 

Eng. Lab. Beport #1^3 (1;&9) is here corrected. As M0~^> 0, or Mf -* 0,wi(x) 

•sf&zr,    and Kg(x) -=> -IL   , which agrees with Pohlhaussn's formulation 

for H «£< 1. 
V 



airfoil ifitii attacked leading-edge shoc3£, the boundary condition is Xs 0 

at x — 0. She general properties of equation (5) for the case o£ casgsres- 

sible flo*r are quite similar to the properties in the limitiug case of "in- 

compressible'' flat.*   If a pressure jainimum occurs at some point along the 

surface (Px'52, °)> ^ is moTe  convenient to introduce the new variable 

Z  = ~r~j- , in order to remove the singularity in equation (5)» Because of 

fa r i 
the form, of S,(X) and Sp(\)  [equations (5a) and ($b) / , which stems 

from the polynomial approximation to the velocity profile (equation k),  the 

Pohlhausen saethod cannot he extended beyond \=z-r-12   without modification; 

of course, the value X —  -12 denotes flew separation. In the case of 

the smooth supersonic circular-arc airfoils treated in the present report, 

none of these difficulties arise in the regions of interest for the laminar 

stability calculations. 

Once the distribution A (s) along the surface is teaosm, the velocity 

distribution Offe) across the boundary layer at any station is obtained from 

equation (4), and the temperature distribution is calculated frcm the Crocco 

relation (3a)- ü2ie actual distance from the surface y/r is given in 

termB of T and X by the following expression (see equation 2b): 

(6) 7s- 

•where, 

(6a) Xfc\)=    (i I*** *;) t v-/ iAT dV 

See,  for esaapla, Goldstein, Modem Fluid Dynamics s  Vol. 1, pp. I56-I63« 
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(6b) 
Jn 3 A C —/   * 

-3~ 

-/- /AD -f-SO)^6 
*- y 

^ -f- <£££>) •> 

cp -v 
7 

(6c)   X(X) =   (/+*£>£)-  & H?ßs)*r-AUfiX +t.t*l»fl 

(it turas out that all the boundary stability parameters can be espressed 

in terms of "f )« 

The development of the boundary layer thickaess along the surface 

is given by the relation: (See Appendix) 

(7)   &.y =    f^x < 
,    ¥ 

V is* nr    v      -^ 

/ £d. 0 2T/V 
P* AX 

with   a =   —7— n*v    7 where "m" is the ©aponeat ia approximate vis- 

cosity-terffioerature relation   u-^T    •   For air,    'o's;   X.h9  "5r/»0.20. 
/ Ä 

a -sr 2.50-1«.. 

3* Calculatioa of the Stability L2sit, or Miaianaa Critical Reynolds Huaber, 

EeJ   ? for the IasBiaar Boundary layer yith a Pressure Gradient. A£- 

pllcatioa to laaulated Supersonic Circular-Arc Airfoil 

In reference 2 an approximate estimate of the stability limit for 

a boundary layer flow is obtained by chserviBg that the stability lftBit oc- 

curs very nearly vhea the phase velocity. c} of a neutral siibsonic disturb- 

ance has its aasimura possible value. On this basis, it was found that 



mm *•? 

/equation (5-6),  reference 2 / ; 

(8) 0, ^  <=^^>" f^W 

/.?4  , 

y'r 
c 

vher© e0 is the value of c for vhich the stability function (1 - 2A )v 

equals 0.580.* The  functions v and ,X are defined as follows: 

(9a)   -Vfc) =:  - *(W 
/«?y n Vf~<L 

(9b) X(c) = 

c 
/ 

For a neutral subsonic disturbance to exist, it is necessary that c> 1 - 
:^" 

When, the aaaa velocity and temperature distributions across the 

boundary layer are calculated by Dorodnitzyn' 3 method for an insulated sur- 

face with Prandti number unity, then all quantities required in the laminar 

stability calculatienrs can be expressed in terns of X. Mr and v{ £•) and its 

derivatives, as follows: (See Appendix) 

C*tt c i   /wvTRF a. 

* The function X (c) appearing in reference 2 is here denoted X (c), in order 
to avoid conf uaicü with the Pohlhausen parameter \ (s). 
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where      JZfa) =   /^ ^/frY/-cO and   I-j^ A) ia given by- 

equation {6c). 

(11a)       vtor-77"(2+J£)C >f ,^-c)M 

» e> *// 

f- 1 
Ui/vc 

(lib)     \6-)=     ?_"*" %      zShJ^l J        W"®re     1^^^C    )   is  giTBEL 

by equations (6a) sad (6b). and ??(t) and its derivatives are obtained 

from equation (4). 

Once the pressure distribution is known over a surface,, the 

methods just outlined can be applied to the calculation of the variation of 

Bei-    and Be<r    with distance along the surface. fc"hen Se < Be r- 

the local boundary layer flow is stable and all small disturbances are 

danced out* Ehen He*. > Be, the local laminar boundary layer flow 

is unstable and self-excited disturbances of definite wave-lengths appear in 

the flow. If the unstable region is sufficiently extensive, these disturb- 

ances eventually grow large enough as they move downstream to destroy the 

laminar motion and cause transition to turbulence. 

One physically interesting case where the effect of pressure gradi~ 

ent on laminar stability might have important implications is  the flow 

over supersonic airfoils. As an illustrative example, the stability limits 

were calculated for symmetrical circular-arc airfoils of six and ten per cent 

thickness ratio at M. = i.5> 2.0, and 3»0p and at angles of attack of zero 
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and four degress. Pressure distributions over these airfoils were calculated 

by standard methods, utilising sligöle oblique shock theory for the flow across 

the leading-edge waves, and Prandtl-Meyer scansion for the flow over the sur- 

face behind the leading edge (references 9 and 10). This method neglects the 

entropy gradients in the flov generated by the reflection of the expansion 

waves from the leadiag-eöge shocks, but these effects are very sxaall in the 

cases considered here. 

For the symmetric circular-arc airfoil the relations utilized in 

the Dorodnitzyn method tahe a particularly siaple form» Sfh© differential 

equation (55 for A is: 

(12) 

where (/<£ &-) 

(13) 

/Ä   '• V (%,) I ^~75? L  / 

0») CJ   tfjf)   -_ 
CU^s ^=/f 

^-0176 

(i-h t>. no H;1) /,M      —3~      -L,(xi     > 

fce  = M, £. 
o^f) e?.M 

/ / 

(Note that the chax^acteristic length L is tofcen to be B) where p  is the 

* Here c is used as the symbol for chord length. 
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stagnation pressure behirä the leading edge shock aai pQ is stagnation 

pressure in the undisturbf-'' stream. 

qCh© differential equation (12) was integrated "by a finite differ« 

ence method in which steps of 0.10c ware utilised. ( &lg = 0.20). Sever- 

al checks were made with A. %  =• 0.10 and the: largest error found in the 

values of A at any station was less than 2$.    A typical variation of 

A (^ ) over an airfoil surface is illustrated in '.Bible 1 for t/c =? 0.06, 

at-  0 , Ms 1,5, 8,0 and 3,0. A typical calculation of Rer 

recorded in Sable 2, for ^ = -0.60, t/c = O.Co, eaC-00, M =1.5. 

Discussion of Hesults of Stability Calculations for 7a£'-lfi.tsd S^Bsnetrical 

for 

Circular-Arc Airfoils at ^^J^J^^O^JB^SJO. 

In figures la and lb, the chordwise distribution of Be r 

insulated, syssaetrical circular-arc airfoils of sis and ten per cent thick- 

ness ratio at ö^s0° and k° is plotted for IL ss 1.5^ 2.0, and 3.0. Several 

important conclusions can be drawn from the figures. 

1) .Wear the leading-edge- where the boundary layer is still rela- 

tively thin and the viscous shear stress is large, the effect of pressure 

gradient on the velocity and temperature distributions across the boundary 

layer is small. Shis fact is expressed directly in the Pohlhausen parameter, 

A •"*• -^r   j.   c   Consequently, near the leading edge the effect of aero- 
v dx 

dynamic heating is dominant, and the values of Be r are not much larger 

than the stability limit for an insulated flat plate at comparable Mach num- 

bers. 

2) Toward mid-chord, where the boundary layer is thicker and \ 

is higher, the stabilizing effect of a negative pressure gradient is significant 
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at M^ = 1.50. At c< = 0. the laminar boundary layer Is completely stabi- 

lized at about mid«ehord for t/e ~ 0,10. (X= fc>) and at about 70 per cent 

chord for t/c= O.oS ( X — LC   )„ The stronger pree&ura gradients on the 

thicker airfoil are largely responsible for earlier stabilization. 

3) At M(— 2.0 the destabilising effect of aerodynssic heating 

i8 the dcsninant factor over the entire airfoil and the increase in He r 

with A iß moderate. At H =3, the influence of pressure gradient on laminar 

stability is negligible, at least for an Insulated surface. 

h)    At M, — i.?0 and M-, =2.0 the siain effect of angle of attack 

is to produce higher values of Be; on the lower surface than on the 

upper surface. The lower Kach number and also the stronger pressure gradi- 

ents on the lower surface are largely responsible for this effect. 

All the observations (1) - (k)  can be anticipated from a study of 

the general relation Be--*•  ~ £ />. Mj  -, which is plotted In figure 5 

for &g- l-5;> 1«'75 a^d 2.O.* For comparison, the curve Be^-*  — g ( A) 

obtained by rretsch (reference 3) for &. <-^  1 Iß also shown. For lew 

pressure gradients the stabilizing effect of negative pressure gradient is 

naturally much stronger for M, -^ < 1 than for M, > 1. However- 

Be -.jtf   —* Ik 2 10" (finite) as  X~> -f-12 at low speeds, while ccm- 

plete stabilization of the laainar boundary layer over an insulated surface 

is achieved at low supersonic Mach numbers above a certain critical value of 

^ that depends only upon the Mach number and the properties of the gas. 

The effect of a pressure gradient along the surface on the stability of the 

*3eö^ is given by equation 10 with   I-,   ( X ) replaced by   I_ ( A ), 
where *- % N = J[ [ !+•*£ /tfU*J -«/ ^ - A   + J X   V-  4U X") 

v        5 
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lasxinar bouadary layer, although similar in some respects to the effect of 

surface heat transfer rate, differs essentially in its dependence on the bound- 

ary layer thickness, as expressed., for example, by the Pohlhausen parameter. 

At a given Mach numbs? the stability limit OB a flat plate with sero pressure 

gradient depends only on the ratio of the "effective" tessperature difference 

TH - %al)  to the free stress tesperaturej where 3? is the surface temperate© 

at sero heat transfer, and 2^ is the existing .surface tesssei-ature (reference 2) • 

if :?-~ )   across the boundary layer largely deter- 

Since the distribution of the gradient of the product of density 

and vorticity   ~:~   i r  — i 
lu.  ( l -W 

aiines the laminar stability limit* a clearer insight into the effect of 

pressure gradient o^. laminar stability is obtained ~QJ calculating the velocity 

and temperature profiles. (Figures 2 and 3* t/c - 0.06? o(. = 0 __, ^= -0.60. 

(20$ chord station)). For BL — 1.5 the convexity öf the velocity profile is 

apparently sufficient to insure that- the effect of negative pressure gradient 

is stabilizingj despite the rate of increase of gas density outward from the 

surface. At higher Kach numbers, however* the rate of increase of density 

1 
outward frcsa the surface is so large for w > 1 - — that the quantity 

i- I Pi")       certainly attains ssaaller negati* 

3.LIT.. „._   —...-_ „. 
ive values at a given w and 

may "even becose positive. Shis behavior is illustrated ~oy the variation of 

the stability function (1 - 2^X )v across the boundary layer (sub-plot in 

figure 3)- 

It is clear that the' effect of heat transfer on laminar boundary 

layer stability at high Mach numbers is fundamentally different than the ef- 

fect of pressure gradient. Seat withdrawal froa the gas to the surface stabi- 

lizes the flow largely because it produces an initial rate of decrease of gas 

density outward from the surface. She effect of a favorable pressure gradient, 

•JU wsm 
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on the other hand, can. appear only in the relative convexity of the velocity 

^rojflLie und at hi °fa M2.ch 2ß32b^H?s cajmot counterbalance the clestshl.Xisi.Qs in-" 

fluence of -Mae density increase outirard frcsn the surface» As the Mach maa- 

ber is increased, the velocity profile also appears to he less strongly 

convex with given pressure gradient, 

sulated surface, 

As shown in reference 2, for an in- 

cT    ck 
diL Ifr ¥J1 

•*r (Mr V* ä x 

22    <r fdvf 

>o 

I/^"-fMuA,   AMM**J}MS 

So far as the stabilizing effect of negative pressure gradient is 

concerned, the interesting situations occur at low supersonic Mach numbers. 

Accordingly, the regions of lesiaar boundary layer* stability and instability 

* Of course the Doroönitzyn-Pohlhausen method of approximating the velocity 
profile by a fourth degree polynomial (equation h)  does not permit the proper 

boundary condition (-i~3)        -  &{u*~i) p£) 3 *C   0        to be satisfied. 
\ - ^" ''V=o l^^-fcro 

In fact, with T?Cifc)    given by equation 4, 

(*k) 
\AT,/ rr     3 X )^L 

t=b 
If m-^0,76 (air, rocaa temperatures/then for    ~\ > 2(approx.)Jthe value of 

«S^BHf 
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on the symmetrical circular-are airfoils at M =1-50 are illustrated in 

figures 4a - kä:  for ccsspsricon, the case t/c = 0.06\, ^ =: 0°, $L — 2.0 

is also includes (figure k&).    The growth of Ser along the surface is 

**      £• & 
plotted for flight Reynolds nvrßjere of 7ö 2 10-% 3 z 10 , 15 s 10 and 

30 s 10 , "based on airfoil chord and physical quantities evaluated in the 

undisturbed stream. 

For a sufficiently large flight Reynolds number* the stability 

limit (Be«.— Re«»    ) is crossed just aft of the leading edge in every 

case. pewnstream of this point self-ezcited laminar disturbances appear 

in the boundary layer flow and grow steadily as they propagate along the 

surface, up to the station at which a stability limits or neutral point, 

is again reached. For t/c=- O.06,  <=<= o°, an unstable region exists 

over a considerable portion of the airfoil surface when EG„ > f.5 x 10 , 

/ 6 while for t/c = 0.10, the unstable region is small until Re > 3 x 10 . 

At <p<- k°,  (t/c = O.06) the unstable region on the upper airfoil surface 
5 

is already large at Se,^7.5 s j.0 , while on the lotfer surface the unstable 

region is insignificant until Re. > 3 2 10 ** At flight Reynolds «umbers 

somewhat below thee© values the laminar boundary layer over the airfoil is 

completely stable, at least on the basis of the invlscid flow pressure dis- 

tribution. Two important questions immediately arise: 

Footnote continued from p. 15. 

[~7Kj)~. is smaller negatively than it should properly be, 

and is even positive for .X> 4. Exis fact by itself would mean that the 
values of Re g- calculated in the present report are probaoly somewhat 
too low for \">* 2 (approa:-)^ and that complete stabilisation of the laminar 
boundary layer probably occurs at lower values of X  at low supersonic Mach 
numbers than indicated here. However^ it is difficult to estimate the effect 
of errors in the higher derivatives and elsewhere in the Dorodnitzyn method. 
More accurate calculatioas of the velocity profile are obviously required. 
* It ia interesting to compare this behavior with the low-speed case (refer- 
ence 3)« 
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1} Bo the self-asciteö laasinar boundary layer disturbances have 

sufficient time to grow as they propagate through the unstable region along 

the airfoil surface so that transition to turbulent flow occurs "before the 

stable region is reached? 

2) Suppose that transition to turbulent flow has already occurred 

before the point is reached at which a laminar flow would theoretically be 

conrpletely stabilised: Is it possible for the turbulent flow to revert 

back to laminar flow downst-reasi of the point at which Re_ a Re r t 

or is transition an essentially irreversible process? 

A linear perturbation theory caa never pretend to answer such 

questions: at most it can furnish only the Initial rate of amplification 

of the unstable disturbances. Tim  solution to the transition problem de= 

pends on & knowledge of the turbulent energy spectrum, the rate of araplif id- 

eation of the unstable disturbances, and the process, treat^r" only qualita- 

tively as yet, by which the laainar flow Is destroyed and transition occurs. 

All that can be safely stated here is that at low supersonic Mach numbere 

transition on a symmetrical circular-are airfoil is probably delayed as 

"••Gnrpared with transition on a flat plate, at least when 7«5 z ICr <z Re < c 

5-0 x 10 (say). At angle of attach, one would aspect a larger stabilizing 

effect on the lower surface than on the upper surface. The stabilising 'af- 

fect on the laminar boundary layer flew should Increase with airfoil thick- 

ness ratio, and this effect may have important consequences for skin-friction 

drag, and for the problem of selecting airfoils «Hfcoptlsasa characteristics. 

T- 5 

5» Some Problems for Future Investigation 

1. Calculations of the stability limits for supersonic laminar 

boundary layer flows in representative eases with the aid of the Borodnitzyj 
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method have aade it clear that accurate solutions of the boundary layer 

equations with pressure gradient are required at lew supersonic Mach num- 

bers (1^ M <s2 ). She Sterjartson-HovTarth method could he employed in a 

few cases of particular interest, and the distributions of J£_ fP ^ j 

across the boundary layer ocEparcd trith thoee obtained by the Eorodnitzyn 

method. 

2. Since Ealihtean (reference II) has extended the Dorodnitzyn 

method to include surface heat transfer (at least for Prandtl xrumber unity), 

it ffould he desirab?-e to utilise Eali&hman'a method to calculate the effect 

of pressure gradient on the stabilising influence of heat vfithdrawai at sub- 

sonic and supersonic Mach numbers. It -tfould be particularly interesting to 

determine the effect of pressure gradient on the critical heat transfer rate 

required for- ecspleto stabilisation of the Issinsr boundary layer. 

3. She conclusion -chat the isEiiusr boundary layer at low super- 

sonic Mach numbers is eespletely stabilized xrhen the pressure gradient 

parameter \    is larger than a certain critical value could be tested by 

an experimental investigation of the effect of pressure gradient on transi- 

tion. 

6. Conclusions 

1. At lov supersonic Mach numbers the laminar boundary layer over 

an insulated surface is ccxxpletely stabilized by a negative pressure gradient 

larger than a certain critical value that depends only on the Mach number and 

the properties of the gas. When the Borodnl.tayn-Pohlha.usen method is em- 

ployed to calculate the boundary layer development, and the velocity dis- 

tribution across the layer is approximated by a fourth-degree polynomial, 

complete laminar stabilisation is found at  A —  6*5 for M^ xs 1,5, at 
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\ <* 7.0  for M-, = 1.75^ and \&  //for M^ s=2«0 (for ©sanaXe). (Hare 

XT''-  Jl|//    r   '      j 
'"^ -S~ ffC:^ ;r(M/ is the aodified Pohlhaussn parameter). For 

E, =s 2.0 the destabilising effect of aerodynamic heating is dominant and 

the increase of the jaiaiJätfia critical Herolds Husher, He^^    or 

stability lisit, with X  is ssnail until X-^//.   WOT li.^33.0 the influ- 

ence of negat:ive pressure gradient is negligible, at least for an insulated 

surface. 

2. By examining the distribution across the Ixmn&ary layer of the 

d   fa du ) gradient of the product of density and vortieity,  7- / C -^p I t  which 

j.argeiy determines the limit of the stability of the flew., it is clear that 

the stabilizing effect of a negative pressure gradient at high Mach numbers 

operates in a f usfejaentally different way than the stabilising effect of 

heat withdrawal froa gas to surface. At high Mach ms-abera heat withdrawal 

stabilizes the flow largely because of the initial rate of decrease of gas 

density outsard froa the surface. On the other hand, a negative pressure 

gradient over an insulated surface caa affect only the relative convesity 

of the velocity profile, and cannot counterbalance the destabilising influ- 

ence of the increase of density outward from the surface. 

3. Calculation of the chordwise distribution, of Be t< tor 

insulated, sysaaetrical, supersonic circular-arc airfoils of six and ten per 

cent thickness ratio at- o^~o° and k° for M - 1-5 show that: 

a) Hear the leading edge, where the boundary layer is thin, 

and X  is sjaall, Re,j-    is not much larger than the 

value for an insulated flat plate at comparable Mach numbers; 

b) At M-j_ = 1.5* the stabilizing effect of negative pressure gradi- 

ent becomes significant toward siid-chord. At c<= 0° the laminar 

UN 
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boundary layer is ccäspletely stabilized at about 50 per cent 

chord on the 10 per cent thick airfoil, and at about 70 psr cent 

choxdfor t/c = 0.06. 

c) The sain effect of angle of attack ( e<= *$.°) at SL = 1,5 is 

to produce highes* values of Bo r- on the lover surface 

than, on the upper surface, 

k.    Cosrparisoa between the calculated values of the stability 

limits and the growth of Ee.g.  along the airfoil surfaces fer flight 

Beyaol&s numbers Ee^ of ?,5 a 10**, 3 s 10 , 15 x 10° and 30 s 10° at It, «1.5? 

show that: 

a) For t/c = Q-OS. ci-ö0,  a region of unstable laminar boundary 

layer flow esists over a considerable portion of the leading 

half of the airfoil for Ste > 7,5 x 105; o 
€\ 

b) For t/c = 0.10, the unstable region ia small until Be > 3 a: 10 . 
c 

c) At c<= k°  (t/c = 0.c6) the unstable region on the upper airfoil 

5 
surface is already large at Ba„ -7.5 s 10, while on the lower 

surface the unstable region i3 insignificant until Bec> 3^10 « 

d) IOT Bejnclds numbers below the respective values in a), h)?  c) 

the laminar boundary layer is theoretically completely stable. 

At M1 = 2.0, the lestinar boundary layer is unstable for Be ss 7-5 x 

10*^ over the entire surface of both the sis and ten per cent thick airfoils 

ato<Ä 0°. 

5. Conclusions drawn from laminar stability calculations based on 

the linear perturbation theory must be applied with great care to predictions 

of transition. However, it seems safe to state that at low supersonic Mach 

I 
i i 

r in5. ,6 +, numbers and for 7«5 s 10-^ Be. £5*0 & 10  transition on an insulated 
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symmetrical, circular-arc airfoil is probably delayed as compared with 

transition on an insulated flat plate. At angle of attack one would as- 

pect a stronger stabilising effect on the lower surface than on the upper 

surface. The stabilising offset of negative pressure gradient on these 

airfoils is expected to increase with the thickness ratio, and this effect 

ma/ have important consequences for airfoil skin friction drag and on the 

problem of selecting airfoils with opoisnus aerodynaaic characteristics. 

6. On the basis of the estimates of the stabilizing effect of 

negative pressure gradient obtained in the present report, it seems worth- 

while to obtain more accurate solutions of the boundary layer equations at 

low supersonic Mach nisabers by the Stewartson-Eowarth method (references 

k and 5), or other means * It would also be interesting to obtain some 

estimates of the effect of negative pressure gradient on %>m  critical rate 

of heat withdrawal required for complete stabilisation of the laminar boun- 

dary layer flow at sxroersonic spoada. KalildjnjanF3 &^.tt-.^a.\j-^  of Dorodnitzyn* s 

method offers a scheme for carrying out the necessary calculations. 

•MB 
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APEESDH A 

1. The Stability Functions \   (c) and \T (c) in Terms of w(t)    s£ä 

Its Derivatives. 

Since the stability functions A (c) and   v(c)  are son« 

cümonsioaal, the velocity and temperature derivatives appearing in these 

functions (equations 9a and 9b) can be expressed in terms of any convenient 

length parameter. For exessgle: 

(1^ 

^ 
7i\ in?    L  /p 

It is most convenient to express the velocity and temperature derivatives 

contained in X       and "V In tenas of y/^ 

Therefore . 

"bus- 

^        W- 
I / /. <^ur 

(,-^^T^   ,-^^/,-^ y  rflr 

for Prandtl number unity and zero heat transfer at the surface. In particular, 

(16a) 
>$/T \ 

V« ? |=0 (771z/^^   z- ^^^ r-o 



By aiffez'entlatiog equation (2.6)  one obtains: 

(17) 

or 

(18) 

(19) 

nur 

W 

(J 4-Tf-. 

For Pran&tl number unity, 

^ 7"r 

^ 
Jo 

3y differentiation of the Crocco relation (equation 3&)» Therefore, 

2if 

•P. _- -t-l.l f-i Ari . ^ 

(20) T   •-- -ff-'I Mr   ur ^1J 

frt ->#   L(I+^^-< -p^f^^r 
Finally, 

(21) 1<o) =   - TfifL 2> 

fr* Tr   J 
u 

——JW=C 

l«r=C 

«B 



She function X  (c) is also expressed in terms of v( 7?) and its 

derivatives, ae follows; 

V. 
/ 

Now,   (23) 

& «%= L&ir~i O^vf /7* ¥*;(W)i dr 
0 
{ 

J-   fI'   7 

Therefore, 

(23a) 

d> 

(24) 
X ^ \      <- M^v ^ / /** 

fe4 a) ^rfe xj 
V    - 

1 J_  "X"-/-' *J *" / 

2*   Minimus Critical Reynolds Nusfcer, He r- , and Boundary Layer Reynolds - . j ^ ^ ,..        .     „»_ _ 

•'J-Utv» 

Nujnbgrs Re     and Re ,-^ . 

In equation (8) the 2uini*nisa critical Reynolds number "basea on the 

boundary .layer uüicknsss is expressed in tenss of cn, HJ-    and   ; "• ••  : > 

However, v 

(25) 

I£3M 
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and the ratio _J[_ is obtained tzcm the reist ion (23), &;.• follows: 

/o£\ 
2, -fi7   / 

/pt-, $    iz  )  /!-i~~£:Jas"*"}        I FT,  r-/ui/ ^nj^ 

, so that, 

(2T)   />* \  _   (%>)   T (x) 
\P ^f^ö 

5-    6 

where I1( X ) is the mine of the integral in equation (26) „ The expression 

for Be s= in equation (10) follows frcaa equation (27). 

The relation oetveen Se r  and the Mach number, pressure gradi- 

ent and X  iB derived fresi the de-f isitioa of the Pohlhausen parameter, 

X c T     A(S)^ where: 

(28) -&;* -!-&= (/+&M?)(-JL iäA ^+*£«t)*(*; JL*b 

Sow, 

o"M. r«T« 

>?-/ 

and therefore, 

(30)   -ff+)  - £ ft   1/  7   fy, ^4 rW 
jr< 

Consequently, 

(3D      * J^L     ^ r^ 
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Th&  connect ion between d     and  <T i& furnished by equation (26), 

Sy utilizing the relation. 

(32) hJL <F 

'ILK 
a., A 

the following expression for Ee   iß finally obtained: 

\ 
A 

M i -f~- 

/C^ 

c 7 y-^fe/ w,9 4i. 

r/ 
where Als - 

r--y- 5 5~T 
4 KV-j> 

^ ̂̂  

r A) 

Si& expression for Be^g  is obtained as fclicks; Frcsj -fee d»fi- 

nition of the boundary layer displacement thickness, 

(3*0 

or 

(3*0 
Jk 

/ 

f 
r 2- 

X (\) = Ü2^ 
and the value of Be ^ is given by the same expression as Re r-  , with 

I1( X) replaced by Ip(,X)° ^h© formula for I_ in terms of X    is given in 

the footnote on page /3 . 

i 



TABIS 1 

Representative Distribution of h(S)  Oyer Syimnetrical 
Circular-Arc Airfoils: t = 0.06, a = 0° 

•c 

fc<5> 
ST                  ' 

> 

•' - "i 

M,= 1.5 M, =  2.0 M, = 3.0 

-1.00 0.0Q0 0.000 0.000 

-0.80 1.251 0.8938 0.8033 

-0.60 2« 267 1.741 1.628 

-0.40 3.153 2.563 2.492 

-0.20 3.964 3.380, 3-^19 

0.00 •   4.737 4.213        | 4.444 

0.20 5.502 5.085 • 5.623 

0.40 6.289 6.034 7,077 

0.60 7*137 7.124 9 «167 

0.80 8,108 8,502 

1.00 9-346 
  ..., , 

11.103 
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Figure 5 - Effect of Pressure Gradient on Limit of Stability 

for Laminar Boundary Layer Over an Insulated Surface., 
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